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Abstract
We discuss a linear seesaw model with local U(1)B−L and modular A4 symmetries. The neutrino
mass matrix for linear seesaw mechanism is realized by U(1)B−L charge assignment and the nature
of modular A4 symmetry. We formulate neutrino mass and carry our numerical analysis showing
some predictions for observables in neutrino sector. Remarkably, the case of inverted neutrino mass
ordering (IO) is realized by a specific region around τ = ω = e2pii/3, which is favored by a string
theory. Thus, our prediction would be very strong in case of IO.
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I. INTRODUCTION
The understanding of flavor structure is one of the important issues in particle physics
since we do not have any symmetry to control flavor in the standard model (SM). Thus
introduction of a flavor symmetry is typical strategy in constructing a model of physics
beyond the SM.
One of the interesting approach is application of modular flavor symmetries proposed
by [1, 2] to describe flavor structures. In this framework, a coupling can be transformed
under a non-trivial representation of a non-Abelian discrete group and we can realize flavor
structure without many scalar fields such as flavons. Then some typical groups are found to
be available in basis of the modular group A4 [2–23], S3 [24–27], S4 [28–34], A5 [33, 35, 36],
larger groups [37], multiple modular symmetries [38], and double covering of A4 [39] and
S4 [40, 41] in which masses, mixing, and CP phases for quark and/or lepton are predicted.
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Furthermore, a systematic approach to understand the origin of CP transformations has
been discussed in ref. [50], and CP violation in models with modular symmetry is also
discussed in Ref. [51, 52], and a possible correction from Ka¨hler potential is also discussed
in Ref. [53]. In particular, it is interesting to apply a modular symmetry in constructing
a new physics model for neutrino mass generation in which we would obtain prediction for
signals of new physics correlated with observables in neutrino sector.
In this study, we construct a linear seesaw model with local U(1)B−L and modular A4
symmetry 2. In our scenario desired mass matrix for linear seesaw mechanism [54–56] can
be realized by U(1)B−L charge assignment and the nature of modular A4 symmetry. We
then formulate neutrino mass matrix under the symmetry and carry out numerical analysis
searching for parameters fitting neutrino measurements. Our numerical analysis shows some
predictions for observables in neutrino sector.
This paper is organized as follows. In Sec. II we introduce our model and formulate
neutrino mass from linear seesaw mechanism with modular A4 symmetry. In Sec. III we
carry out numerical analysis and show correlations between observables in the neutrino
1 Some reviews are useful to understand the non-Abelian group and its applications to flavor structure [42–
49].
2 A linear seesaw model with modular A4 and global symmetry is found in ref. [23] providing different flavor
structure of neutrino mass and predictions from ours.
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Fermions Scalars
QL uR dR LL [e
c
R, µ
c
R, τ
c
R] [N
c
R1
, N cR2 , N
c
R3
] [SL1 , SL2 , SL3 ] H1 H2 ϕ ϕ
′ ϕ′′
SU(3)C 3 3 3 1 1 1 1 1 1 1 1 1
SU(2)L 2 1 1 2 1 1 1 2 1 1 1 1
U(1)Y
1
6
2
3 −13 −12 1 0 0 12 12 0 0 0
U(1)B−L 13
1
3
1
3 −1 1 1 0 0 1 −1 −12 −12
A4 1 1 1 3 1,1
′′,1′ 3 1,1′,1′′ 1 1 1 1 1
−kI 0 0 0 −1 −1 −1 −1 0 −1 −1 −1 −2
TABLE I: Particle content of the Standard Model extended with two types of sterile neutrinos
NR, SL and extra singlet scalar φ for implementation of inverse seesaw mechanism and their charge
assignments under SU(3)C × SU(2)L × U(1)Y × U(1)B−L × A4 × kI where kI is the number of
modular weight.
sector, and conclude our results in Sec. IV.
II. MODEL
In this section we briefly discuss the model framework for linear seesaw mechanism in-
troducing B − L local Abelian symmetry U(1)B−L and modular A4 symmetry. In the
model, we introduce three families of right(left)-handed SU(2) singlet fermions NR(SL)
with −1(0) charge under the U(1)B−L gauge symmetry, and an isospin singlet fields ϕ(ϕ(′,′′))
with −1(−1/2) charge under the same U(1) symmetry. Furthermore, two Higgs doublet H1
and H2 are introduced where H2 also has charge 1 under U(1)B−L while H1 has no B − L
charge to induce the masses of SM fermions from the Yukawa Lagrangian after the spon-
taneous symmetry breaking as in the SM. We also assign modular weight kI to these fields
as summarized in Table I. Also lepton doublet LL and right-handed sterile neutrino N
c
R are
chosen to be A4 triplet. Then we impose Yukawa Lagrangian should be invariant under these
symmetry where each term has vanishing modular weight; properties of modular symmetry
is referred to Appendix. Here we denote each of vacuum expectation value (VEV) to be
〈H1,2〉 ≡ v1,2/
√
2, and 〈ϕ(′,′′)〉 ≡ vϕ(′,′′)/
√
2. ϕ′(′′) plays a role in inducing (H†1H2)ϕ
′ϕ′′ term in
3
order to avoid massless CP-odd scalar from Higgs doublets. The mass scale of the SM singlet
scalars are take to be much higher than electroweak scale and we obtain well-known two
Higgs doublet potential after they develop VEVs. Also Z ′ boson from U(1)B−L gets mass
by singlet scalar VEVs, and we just assume the mass and gauge coupling satisfy current
experimental constraints. In this paper, we omit the details of the scalar/gauge sector and
focus on the neutrino sector.
Using the particle content and symmetries mentioned in Table I, the relevant Yukawa
Lagrangian for leptons–including charge leptons and neutral leptons– can be written as,
−Llepton = LM` + LM + LM′D + LMD , (II.1)
where LM` is Yukawa Lagrangian inducing charge lepton masses, LMD is for Dirac neutrino
mass term connecting active light neutrinos νL and NR, LM is for mixing term between
two types of sterile neutrinos NR and SL, and LM′D is for mass term connecting νL and SL.
The Majorana mass terms for the sterile neutrinos NR and SL are absent; the former one is
forbidden by U(1)B−L symmetry and the latter one cannot be constructed due to the nature
of modular A4 symmetry since modular form with weight 2 is only A4 triplet.
Charged lepton mass matrix:
In this model lepton doublets constitute A4 triplet as LL ≡ [LLe , LLµ , LLτ ]T and L¯L ≡
[L¯Le , L¯Lτ , L¯Lµ ]
T . Similar to LL, modular couplings are also defined by Y
(2)
3 ≡ [y1, y2, y3]T
and Y
(2)∗
3 ≡ [y∗1, y∗3, y∗2]T under A4 triplet. The Lagrangian to give the charged-lepton mass
matrix is given by
LM` = Y (2)∗3 ⊗ L¯L ⊗ eR ⊗H1
that is explicitly written in terms of three free parameters in order to be invariant under
SU(3)C × SU(2)L × U(1)Y × U(1)B−L × A4 × kI as follows:
a`(y
∗
1L¯Le + y
∗
2L¯Lτ + y
∗
3L¯Lµ)eRH1 + b`(y
∗
3L¯Lτ + y
∗
1L¯Lµ + y
∗
2L¯Le)µRH1
+ c`(y
∗
2L¯Lµ + y
∗
1L¯Lτ + y
∗
3L¯Le)τRH1. (II.2)
Then the mass matrix for charged-lepton in basis of [e, µ, τ ] is given by
(M`)LR =
v1√
2

y∗1 y
∗
2 y
∗
3
y∗3 y
∗
1 y
∗
2
y∗2 y
∗
3 y
∗
1


a` 0 0
0 b` 0
0 0 c`
 . (II.3)
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The charged-lepton mass eigenstate is found by diagonalizing D` = V
†
L`
mνVR` , where VL`,R`
are unitary matrices.
Neutral fermion mass matrix:
The Lagrangian to give the neutral mass matrices are given by
LMD + LM′D + LM = Y
(2)∗
3 ⊗ L¯L ⊗NR ⊗ H˜1 + Y (2)∗3 ⊗ L¯L ⊗ ScL ⊗ H˜2 + Y (2)3 ⊗ N¯R ⊗ SL ⊗ ϕ.
The first term of the Lagrangian is explicitly written in terms of two parameters that is
given by
LMD =H˜1
[
α1
3
[
y∗1(2L¯LeNR1 − L¯LµNR3 − L¯LτNR2) + y∗2(2L¯LµNR2 − L¯LeNR3 − L¯LτNR1)
+y∗3(2L¯LτNR3 − L¯LeNR2 − L¯LµNR1)
]
+
α2
2
[
y∗1(−L¯LµNR3 + L¯LτNR2) + y∗2(L¯LeNR3 − L¯LτNR1) + y∗3(L¯LµNR1 − L¯LeNR2)
]]
.
(II.4)
After spontaneous symmetry breaking, we obtain the mass matrix
(mD)νLNR =
v1√
2
α13

2y∗1 −y∗3 −y∗2
−y∗3 2y∗2 −y∗1
−y∗2 −y∗1 2y∗3
+ α22

0 −y∗3 y∗2
y∗3 0 −y∗1
−y∗2 y∗1 0

 ≡ v1√2(m˜D)νLNR . (II.5)
The second term of the Lagrangian is also written in terms of two parameters that is
given by
LM′D =β1
[
y∗1L¯Le + y
∗
2L¯Lτ + y
∗
3L¯Lµ
]
H˜2S
c
L1
+ β2
[
y∗2L¯Lµ + y
∗
1L¯Lτ + y
∗
3L¯Le
]
H˜2S
c
L2
+ β3
[
y∗3L¯Lτ + y
∗
1L¯Lµ + y
∗
2L¯Le
]
H˜2S
c
L3
. (II.6)
After spontaneous symmetry breaking, we obtain the mass matrix
(m′D)νLScL =
v2√
2

y∗1 y
∗
3 y
∗
2
y∗3 y
∗
2 y
∗
1
y∗2 y
∗
1 y
∗
3


β1 0 0
0 β2 0
0 0 β3
 = v2√2(m˜′D)νLScL . (II.7)
The third term of the Lagrangian is also written in terms of two parameters that is given
by
LM =γ1
[
y1N¯Re + y2N¯Rτ + y3N¯Rµ
]
SL1ϕ+ γ2
[
y2N¯Rµ + y1N¯Rτ + y3N¯Re
]
SL2ϕ
+ γ3
[
y3N¯Rτ + y1N¯Rµ + y2N¯Rτ
]
SL3ϕ. (II.8)
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After spontaneous symmetry breaking we obtain mass matrix
(M)NRSL =
vϕ√
2

y1 y3 y2
y3 y2 y1
y2 y1 y3


γ1 0 0
0 γ2 0
0 0 γ3
 = vϕ√2(M˜)NRSL . (II.9)
In basis of [νcL, NR, S
c
L]
T , the neutral fermion mass matrix is given by
MN =

0 mD m
′
D
mTD 0 M
∗
m′TD M
† 0
 = v1v2√2vϕ

0 m˜D m˜
′
D
m˜TD 0 M˜
∗
m˜′TD M˜
† 0
 . (II.10)
Then, block diagonalizing the above matrix, the active neutrino mass matrix is given by
mν = m
′
D(M
∗)−1mTD + [m
′
D(M
∗)−1mTD]
T =
v1v2√
2vϕ
(
m˜′D(M˜
∗)−1m˜TD + [m˜
′
D(M˜
∗)−1m˜TD]
T
)
= κm˜ν , (II.11)
where we have assume to be mD,m
′
D  M . Note that such hierarchy of mass matrix can
be realized by choosing v1,2  vϕ 3. The neutrino mass eigenstate is found by diagonalizing
Dν = κDν = U
T
ν mνUν = κU
T
ν m˜νUν , where Uν is a unitary matrix. Then, the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix is given by UPMNS ≡ V †L`Uν since the charged-lepton
is not diagonal basis in original Lagrangian. Then κ is determined by
(NO) : κ2 =
|∆m2atm|
D˜2ν3 − D˜2ν1
, (IO) : κ2 =
|∆m2atm|
D˜2ν2 − D˜2ν3
, (II.12)
where ∆m2atm is atmospheric neutrino mass difference squares. Subsequently, the solar mass
different squares can be written in terms of κ as follows:
∆m2sol = κ
2(D˜2ν2 − D˜2ν1), (II.13)
which can be compared to the observed value. In our model, PMNS matrix is parametrized
by three mixing angle θij(i, j = 1, 2, 3; i < j), one CP violating Dirac phase δCP , and two
Majorana phases {α21, α32} as follows:
UPMNS =

c12c13 s12c13 s13e
−iδCP
−s12c23 − c12s23s13eiδCP c12c23 − s12s23s13eiδCP s23c13
s12s23 − c12c23s13eiδCP −c12s23 − s12c23s13eiδCP c23c13


1 0 0
0 ei
α21
2 0
0 0 ei
α31
2
 ,
(II.14)
3 In some models hierarchy of mass matrices is realized dynamically [57, 58]
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where cij and sij stands for cos θij and sin θij respectively. Then, these mixings are given in
terms of the components of UPMNS as follows:
sin2 θ13 = |(UPMNS)13|2, sin2 θ23 = |(UPMNS)23|
2
1− |(UPMNS)13|2 , sin
2 θ12 =
|(UPMNS)12|2
1− |(UPMNS)13|2 .
(II.15)
Also we compute the Jarlskog invariant, δCP derived from PMNS matrix elements Uαi such
that
JCP = Im[Ue1Uµ2U
∗
e2U
∗
µ1] = s23c23s12c12s13c
2
13 sin δCP , (II.16)
and the Majorana phases are also estimated in terms of other invariants I1 and I2 as follows:
I1 = Im[U
∗
e1Ue2] = c12s12c
2
13 sin
(α21
2
)
, I2 = Im[U
∗
e1Ue3] = c12s13c13 sin
(α31
2
− δCP
)
.
(II.17)
In addition, the effective mass for the neutrinoless double beta decay is written by
〈mee〉 = κ|D˜ν1 cos2 θ12 cos2 θ13 + D˜ν2 sin2 θ12 cos2 θ13eiα21 + D˜ν3 sin2 θ13ei(α31−2δCP )|, (II.18)
where its value could be measured by KamLAND-Zen in future [59]. We will adopt the
neutrino experimental data at 3σ interval [60, 61] as follows:
NO : ∆m2atm = [2.432, 2.618]× 10−3 eV2, ∆m2sol = [6.79, 8.01]× 10−5 eV2, (II.19)
sin2 θ13 = [0.02046, 0.02440], sin
2 θ23 = [0.427, 0.609], sin
2 θ12 = [0.275, 0.350],
IO : ∆m2atm = [2.416, 2.603]× 10−3 eV2, ∆m2sol = [6.79, 8.01]× 10−5 eV2, (II.20)
sin2 θ13 = [0.02066, 0.02461], sin
2 θ23 = [0.430, 0.612], sin
2 θ12 = [0.275, 0.350].
where NO and IO stand for normal and inverted ordering respectively.
Non-unitarity:
Here, let us briefly discuss non-unitarity matrix U ′PMNS. This is typically parametrized by
the form
U ′PMNS ≡
(
1− 1
2
FF †
)
UPMNS, (II.21)
where F ≡ (M∗)−1mTD is a hermitian matrix, and U ′PMNS represents the deviation from the
unitarity. The global constraints are found via several experimental results such as the SMW
boson mass MW , the effective Weinberg angle θW , several ratios of Z boson fermionic decays,
7
-0.4 -0.2 0.0 0.2 0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
Re@ΤD
Im
@ΤD
NO
-0.4 -0.2 0.0 0.2 0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
Re@ΤD
Im
@ΤD
IO
FIG. 1: The region of modulus τ accommodating with neutrino data where the left and right panel
correspond to NO and IO cases respectively. The region above black solid curve correspond to
fundamental domain of the modulus.
invisible decay of Z, electroweak universality, measured Cabbibo-Kobayashi-Maskawa, and
lepton flavor violations [62]. The result is then given by [63]
|FF †| ≤

2.5× 10−3 2.4× 10−5 2.7× 10−3
2.4× 10−5 4.0× 10−4 1.2× 10−3
2.7× 10−3 1.2× 10−3 5.6× 10−3
 . (II.22)
In our case, F ≡ (M∗)−1mTD = v1vϕ (M˜∗)−1m˜TD. Since we suppose to be M >> mD and
vϕ >> v1 that is naturally realized by the difference of breaking scale. Therefore, vϕ is
B-L breaking scale which is chosen to be higher than TeV scale, while v1 is electroweak
scale whose order is 0.1 TeV. Taking vϕ ∼ 102 TeV we obtain (v1/vϕ)2 ≈ 10−6, and we
thus find |FF †| ≤ 10−6 that is completely safe for the bound of the non-unitarity even if
(M˜∗)−1m˜TD ∼ 1.
III. NUMERICAL ANALYSIS
In this section, we carry out numerical analysis searching for parameters accommodating
with neutrino data, and show our predictions.
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FIG. 2: Top figures: Predicted correlations between two Majorana phases α21 and α31. Middle
figures: Predicted correlations between α21 and Dirac CP phase δ
`
CP. Bottom figures: Predicted
correlations between α31 and δ
`
CP. The left-(right-)side figures correspond to NO(IO).
In our numerical analysis, we scan free parameters in following ranges
|Re[τ ]| ∈ [0, 0.5], Im[τ ] ∈ [0.5, 2],
{α1, α2, |γ1|, |β1|, |β2|, |β3|, |γ2|, |γ3|} ∈ [0.1, 1.0], (III.1)
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where couplings are taken to be complex values. The parameters {a`, b`, c`} are determined
by requiring to give observed charged lepton masses where we numerically solved the con-
dition.
Observable in neutrino sector:
As a result of numerical analysis, we find allowed parameter sets accommodating with neu-
trino data for both NO and IO where we show the allowed region for modules τ in Fig. 1.
Interestingly, we have a specific region around a fixed point of τ = ω that is invariant under
the ST transformation, where ω ≡ e2pii/3. This can be considered as a remnant symmetry of
Z3 and is favored by a string theory [64]. Thus, IO would be more interesting to be explored.
Fig. 2 shows correlations among CP-violating phases where the left-handed figure is for
NO and the right one is for IO. Correlation between Majorana phases are given in the top
plots. We find some correlation in NO while limited region are found in IO as {α21, α31}
being around {0◦ − 10◦, 0◦ − 120◦}, {0◦ − 40◦, 290◦ − 360◦}, {330◦ − 360◦, 0◦ − 120◦} and
{340◦ − 360◦, 280◦ − 360◦}. Correlations among Majorana phases and Dirac CP-phase are
given in the middle and bottom panels. We find that Dirac CP phases are tends to be
around 120◦ and 240◦ for NO, and 90◦ and 270◦ for IO.
The upper figures in Fig. 3 shows correlations between Dirac-CP phase and the effective
mass for the neutrinoless double beta decay 〈mee〉 where the left-handed one is for NO and
the right one is for IO. We find that 〈mee〉 tends to be small around δ`CP ∼ 120◦ and 240◦
for NO while it is restricted around 0.046 eV–0.049 eV for IO. The lower figures in Fig. 3
shows correlation between the sum of neutrino masses
∑
m(≡ κTr[D˜ν ]) versus 〈mee〉. We
have 0.058eV .
∑
m . 0.082eV for NO and 0.098eV .
∑
m . 0.102eV for IO. Thus we
find more restricted region for IO case. In addition both NO and IO satisfy cosmological
constraint for sum of neutrino mass.
Fig. 4 shows relations between the sum of neutrino masses
∑
m(≡ Tr[Dν ]) and
sin2 θ12[sin
2 θ23] as indicated by red[blue] points for upper figures, and sin
2 θ13 for lower
figures; the left-handed figure is for NO and the right one is for IO. The vertical black line
indicates the cosmological constraint
∑
mi ≤ 0.12 eV. We find that the allowed region of
sin2 θ23 in case of IO favors the second octant region [0.5,0.623] which could be more pre-
cisely measured by the future experiment [65]. On the other hand NO case accommodate
with all allowed ranges of mixing angles.
Sterile neutrino mass:
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FIG. 3: Upper figures: Predicted correlations between the effective mass for the neutrinoless double
beta decay 〈mee〉 and Dirac-CP phase δ`CP . Lower figures: Predicted correlations between 〈mee〉
and sum of neutrino mass
∑
m. The left-(right-)side figures correspond to NO(IO).
In our model, sterile neutrinos are pseudo Dirac fermions whose mass is dominantly given
by MNRSL . In Fig. 5, we also show the mass eigenvalues where we take vϕ = 10
5 GeV,
MN1 < MN2 < MN3 and blue(red) points corresponding to NO(IO). For NO, we do not find
clear relation among the mass eigenvalues. On the other hand, we find limited preferred
region of mass eigenvalue and hierarchy of MN1 MN2,3 in IO. Some parameter region could
be tested at the LHC experiments since sterile neutrino can be produced through Z ′ boson.
In addition, Ni can be produced through mixing with active neutrino, θNν '
√
mDM−1,
through the process pp → W → `Ni. Detailed analysis of collider signature is beyond the
scope of this work and will be given elsewhere.
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FIG. 4: The sum of neutrino masses
∑
m versus sin2 θ12(red), sin
2 θ23(blue) for upper figures and
sin2 θ13 for lower figures, where the left-(right-)side figure is NO(IO) and the vertical black line
represents the cosmological constraint
∑
mi ≤ 0.12 eV.
IV. SUMMARY AND DISCUSSION
We have constructed a linear seesaw model with local U(1)B−L and modular A4 symmetry.
Majorana mass terms of sterile neutrinos are forbidden by U(1)B−L charge conservation and
the nature of modular A4 symmetry, and we can realize mass matrix for linear seesaw
mechanism. The Yukawa couplings for leptons are written by modular form which restricts
the flavor structure of corresponding interactions.
After formulating neutrino mass matrix, we have carried out numerical analysis searching
for parameters accommodating with neutrino data. We have shown predicted observable
such as Dirac CP phase, sum of neutrino mass, effective mass for neutrino less double beta
decay and sterile neutrino mass hierarchy. Then some characteristic relations have been
found for these observables. In particular, the case of IO is realized by a specific region
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FIG. 5: Correlation among pseudo Dirac sterile neutrino masses where the blue points are for NO
and the red ones are for IO.
around τ = ω, which is favored by a string theory. Thus, our prediction would be very
strong in this case.
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Appendix
Here we show some properties of A4 modular symmetry framework. In general, the
modular group Γ¯ is the group of linear fractional transformation γ acting on the modulus τ
which belongs to the upper-half complex plane and transforms as
τ −→ γτ = aτ + b
cτ + d
, where a, b, c, d ∈ Z and ad− bc = 1, Im[τ ] > 0 . (IV.1)
This is isomorphic to PSL(2,Z) = SL(2,Z)/{I,−I} transformation. Then modular trans-
formation is generated by two transformations S and T defined as follows;
S : τ −→ −1
τ
, T : τ −→ τ + 1 , (IV.2)
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and they satisfy the following algebraic relations,
S2 = I , (ST )3 = I . (IV.3)
Here we introduce the series of groups Γ(N) (N = 1, 2, 3, . . . ) which are defined by
Γ(N) =

a b
c d
 ∈ SL(2,Z) ,
a b
c d
 =
1 0
0 1
 (modN)
, (IV.4)
and we define Γ¯(2) ≡ Γ(2)/{I,−I} for N = 2. Since the element −I does not belong to
Γ(N) for N > 2 case, we have Γ¯(N) = Γ(N), that are infinite normal subgroup of Γ¯ known
as principal congruence subgroups. We thus obtain finite modular groups as the quotient
groups defined by ΓN ≡ Γ¯/Γ¯(N). For these finite groups ΓN , TN = I is imposed, and the
groups ΓN with N = 2, 3, 4, 5 are isomorphic to S3, A4, S4 and A5, respectively [1].
Modular forms of level N are holomorphic functions f(τ) which are transformed under
the action of Γ(N) given by
f(γτ) = (cτ + d)kf(τ) , γ ∈ Γ(N) , (IV.5)
where k is the so-called as the modular weight.
Here we discuss the modular symmetric theory framework without imposing supersymme-
try explicitly, considering the A4 (N = 3) modular group. Under the modular transformation
in Eq.(IV.1), a field φ(I) is also transformed as
φ(I) → (cτ + d)−kIρ(I)(γ)φ(I), (IV.6)
where −kI is the modular weight and ρ(I)(γ) denotes an unitary representation matrix of
γ ∈ Γ(2) (A4 reperesantation). Thus Lagrangian such as Yukawa terms can be invariant if
sum of modular weight from fields and modular form in corresponding term is zero (also
invariant under A4 and gauge symmetry).
The kinetic terms and quadratic terms of scalar fields can be written by∑
I
|∂µφ(I)|2
(−iτ + iτ¯)kI ,
∑
I
|φ(I)|2
(−iτ + iτ¯)kI , (IV.7)
which is invariant under the modular transformation and overall factor is eventually absorbed
by a field redefinition consistently. Therefore the Lagrangian associated with these terms
should be invariant under the modular symmetry.
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The basis of modular forms with weight 2, Y = (y1, y2, y3), transforming as a triplet of
A4 is written in terms of Dedekind eta-function η(τ) and its derivative [2]:
y1(τ) =
i
2pi
(
η′(τ/3)
η(τ/3)
+
η′((τ + 1)/3)
η((τ + 1)/3)
+
η′((τ + 2)/3)
η((τ + 2)/3)
− 27η
′(3τ)
η(3τ)
)
,
y2(τ) =
−i
pi
(
η′(τ/3)
η(τ/3)
+ ω2
η′((τ + 1)/3)
η((τ + 1)/3)
+ ω
η′((τ + 2)/3)
η((τ + 2)/3)
)
, (IV.8)
y3(τ) =
−i
pi
(
η′(τ/3)
η(τ/3)
+ ω
η′((τ + 1)/3)
η((τ + 1)/3)
+ ω2
η′((τ + 2)/3)
η((τ + 2)/3)
)
.
Notice here that any singlet couplings under A4 start from −k = 4 constructed from the
modular forms with −k = 2 while it is absent if −k = 2.
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